In this paper, we revisit a post-buckling of an elastic circular plate subject to uniform pressure on its edge. The governing von Karman equations are solved by power series method and numerical colocation method. An alternative method for calculation of coefficients of the series solution is described. It is shown that the power series solution is useful only for the first buckling mode while collocation method can handle also higher buckling modes.
Introduction
In a middle of the last century, the problem of the post-buckling behavior of a uniformly compressed circular plate was one of the challenge problems of mechanics [1] . In essence, the problem is to find a solution of the von Kármán pair of non-linear partial differential equations under given boundary conditions. Initial analytical research on the clamped plate was done by Way [2] . Friedrichs and Stoker [3] [4] [5] provide an extensive study of a simply supported plate using perturbation method, power series method and asymptotic, i.e., boundary layer analysis. In this way, they cover the full range of possible edge pressure (or plate thickness). Bodner [6] apply the power series method to the case of a clamped circular plate. Keller et al. [7] and Wolkowisky [8] investigate the existence of higher buckled states of the plate. Keller and Reiss [9] use finite differences approximation of the von Karman equations to solve the problem.
Sherbourne [8] use Runge-Kutta numerical integration for the solution for a simply supported plate. Rao and Ruju [10] apply FEM to calculate the critical pressure of a clamped and for a simply supported circular plate. Quin and Huang [11] and Ye [12] use BEM to calculate post-buckling deformation for a clamped and for a simply supported circular plate. Faris and Abdalla [13] use the Galerkin method to calculate the post-buckling deflection of a clamped circular plate. Williams et all [14] use collocation method to calculate the axisymmetric post-buckling deflection of a clamped circular plate. Secondary asymmetric buckling of the circular plate was investigated by Cheo and Reiss [15] , Chien [16] and Wang [17] .
In this paper, we will consider the problem once more. In the next section, which follows the works of Friedrichs and Stoker [3] [4] [5] , we derive the non-dimensional form of the von Kármán equations of the problem. In the third section, we will consider calculation of the buckling pressure. The fourth section is dedicated to the solution of governing equations with the power series method. The next section deals with numerical solution of governing equations by collocation method [18] . The article ends with conclusions.
Problem formulation
Basic equations. We consider of a thin elastic circular plate with radius R and constant thickness h under uniform pressure p at its edge. A radial symmetric buckling of the plate is described by the von Kármán equations [1] . These are two simultaneous equations for the Airy stress function φ and for the plate deflection w, which can be for radial symmetric buckling written as follows [19, 20] 
Here 0 r R   is the radial coordinate, E is Young's modulus,   
Non-dimensional equations. We introduce the following non-dimensional variables
where the scale factors are
and  is the slenderness ratio given by
With this the governing equations (1) takes on the dimensionless form 
where 0 1 r   . The membrane stresses (2) 
From now one we regard all the variables as non-dimensional.
Boundary conditions. Equations in system (7) are of fourth order; therefore, we need eight boundary conditions. These are the following. 
At the plate center we require that the values of the membrane stresses (2) and the stress resultants (8) are finite. To fulfill these conditions, it is at first necessary that
By applying the L'Hospital rule to (2) and (8) and using (12), we obtain
From this it follows that the membrane stresses and the stresses resultants will be
With (9), (10), (11), (12) and (15) all eight boundary conditions are established.
We note that by nondimensionalization any solution of the problem contains only the parameters that configure in boundary conditions (9) and (11): that is p and in a case of a simply supported plate also  [3, 4, 19] .
First integral. Following Stoker [3, 5, 19] we are multiplying each of equations (7) by r and integrate them subject to the conditions (12) and (15) . In this way we obtain 
where we introduce two new functions
Once W is determined, we obtain w by integration of (17) subject to boundary condition (10) 1 r w rW dr
With  and W expressions (2) and (8) for stress components and for stress resultants
Equations (16) are of second order so we need four boundary conditions. At the plate edge, the two conditions follow from the pressure boundary condition (9) and plate support boundary conditions (11) . At the plate center, we have, from (13) and (14),
So that expressions (19) for membrane stresses and (20) for stress resultants fulfill these two conditions, we must set
Using L'Hospital rule and the boundary conditions (12), we find that
We can equally well use either of conditions (23) or (24).
Buckling pressure
If we discard quadratic terms in the first equation of the system (16) we obtain wellknown decupled system 
The solution of this system, which satisfy boundary conditions (21) and (24), is
where   . n J is the nth order Bessel function of first kind and C is an arbitrary constant.
Introducing this into expressions (19) for the membrane stresses and (18) for the deflection, we found
Substituting (27) into the boundary condition (22) 
Either of these equations has an infinite number of roots. For the clamped edge, the first root is well-known critical pressure c p [6, 23] 
Integration by power series
The power series in r for unknowns  and W , which are consistent with the form of the equations system (25) and also satisfy boundary conditions (24) and (23) 
To obtain coefficients n  and n W we introduce (35) and (36) 
Calculate coefficients n  and n W using (41) Calculate variables of interest using (37), (38) (Fig 2 and Fig 3) i.e. point where Table 1, Table 2 , Table 3 ).
Numerical results.
With the proposed method, we calculate the variation of radial membrane stresses at the plate centers and the variation of deflection of the plate at the center with boundary pressure (Fig 3 and Fig 4) . The graphs match with those
given by Friedrichs and Stoker [5] and Bodner [6] . However, the present diagrams cover [6] . Agreement between results from [5] and results obtained by the present method can also be seen from the Table 4 where some numerical values are given.
Convergence. Study of the convergence of the series solution (35)- (36) is beyond the scope of this article (see [7] for more details about convergence investigation). However, some numerical experiments indicate that the power series method works well only for the first branch of possible solutions of the problem (Fig 1 and Fig 2) . Numerical calculations show that for other solution branches convergence is nor achieved even with thousands of coefficients (up to 20000) in quad precision arithmetic.
At the end of this section, we note that the proposed method of calculation of the coefficients differs from one suggested by Friedrichs and Stoker [4] [5] [6] 19] . Namely, they purpose a method where 0  and 0 W are to be chosen and then a nonlinear equation
resulting from boundary condition is to be solved for the unknown auxiliary variable.
As they observed, the method needs a good estimate for 0  and 0 W which is not an easy task. The problem is highly nonlinear. Therefore, to assure the convergence, we start the calculation with a pressure, which is a bit above the critical and at each iteration the pressure is gradually increased until it reaches given pressure p. For an initial guess of the solution, we use analytical expressions (28) and (29). In all calculations, we set absolute error tolerance to 7 
10
 and use four collocation points per interval.
We use the described procedure to calculate the distribution of displacement, stress components along plate radius (Fig 4-9) . Distributions of the plate variables shown on
Figs 7-9 for hinged plate match those given in [5] . Numerical values given in Table 5 -6 shows that the collocation method can handle the pressure up to 4 10 . For higher pressures, the calculation becomes time-consuming.
With the collocation method, we can also easily handle higher buckling modes. The graphs in Fig 10 and Fig 11 depicts 
